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Lower dimensional gravity has the potential of providing non-trivial and valuable insight into 
some of the conceptual issues arising in four dimensional relativistic gravitational analysis. The 
asymptotically anti-de Sitter (2 + 1) dimensional spacetime described by Banados, Teitelboim and 
Zanelli (BTZ) which admits a black hole solution, has become a source of fascination for theoretical 
physicists in recent years. By suitably choosing the form of the mass function m(r), we derive a new 
class of solutions for the interior of an isotropic star corresponding to the exterior (2+1) asymp- 
totically anti-de Sitter BTZ spacetime. The solution obtained satisfies all the regularity conditions 
and its simple analytical form helps us to study the physical parameters of the configuration in a 
simple manner. 



PACS numbers: 



I. INTRODUCTION 



It is well known that lower dimensional gravity has 
the potential of providing non-trivial and valuable insight 
into some of the conceptual issues arising in four dimen- 
sional relativistic gravitational analyses. For example, 
the (2+1) dimensional spacetime geometry described 
by Banados, Teitelboim and Zanelli[l| (henceforth BTZ), 
which is asymptotically anti-de Sitter and admits a black 
hole solution, has become a source of fascination for the- 
oretical physicists in recent years. The advantage here is 
that though the system mimics 4-dimensional analysis, 
it offers less intricate set of equations to deal with. It 
is, therefore, crucial to find a physically reasonable in- 
terior solution corresponding to the exterior BTZ space- 
time which may give us deep understanding about the 
nature of a gravitationally collapsing body and its con- 
sequences. Mann and Ross 2| analyzed the collapse of 
a (2 + 1) dimensional star filled with dust (p = 0) cor- 
responding to the exterior BTZ spacetime and showed 
under what condition it might collapse to a black hole. 
For an incompressible fluid (p — constant), the interior 
solution obtained by Cruz and Zanelli [3] puts a bound 
on the maximum allowed mass for such an object. The 
study also claims that the collapsed stage would always 
be covered under its event horizon. Cruz et al^ pre- 
sented a new solution corresponding to an exteripr BTZ 
spacetime with the choice p = p c (l — r 2 /R 2 ), where, p c 



is the central density, p is the density which is a function 
of the radial parameter r, and R is the boundary of the 
star. Another solution has been reported by Paulo M. 
Sd[a] where a polytropic equation of state (EOS) of the 
form p = Kp 1+1 l n was assumed, where n is the poly- 
tropic index and K is the polytropic constant. 

In this paper, we report a new class of solution corre- 
sponding to the BTZ exterior spacetime which has been 
obtained by assuming a particular form of the mass func- 
tion m(r). The solution obtained has been found to sat- 
isfy all the regularity conditions and its simple analytical 
form helps us to study the physical parameters of the 
configuration in a simple manner. 



II. INTERIOR SPACETIME 

The metric for the interior of a static spherically sym- 
metric distribution of matter in (2 + 1) dimensions has 
the standard form 



ds z 



3 2 ^dt 2 + e 2 ^dr 2 +r 2 d9 2 . 



(1) 



We assume that the energy-momentum tensor for the 
matter distribution at the interior of the star is given by 



Tij = {p + p)uiUj + pgij, 



(2) 
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where, p represents the energy density, p is the isotropic 
pressure, and u % is the 3-velocity of the fluid. The Ein- 
stein's field equations with a negative cosmological con- 
stant ( A < 0) , for the spacetime given in Eq. |T]) together 
with the energy- momentum tensor given in Eq. (U), ren- 
dering G = c — 1, yield the following independent equa- 
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(3) 

(4) 
(5) 



where a '/' denotes differentiation with respect to the 
radial parameter r. Combining Eqs. (|3])-([5]), we have 



(p+p) l'+p'=0, 



(6) 



which is the conservation equation in (2 + 1) dimensions. 
Since the system has three independent equations involv- 
ing four unknown parameters (p, p, 7(f), and n(r)), we 
will always have one degree of freedom to solve the set 
of equations. In some previous works, this freedom has 
been utilized to model (i) a dust cloud (p = 0) 0; (ii) 
a fluid of uniform density (p = constant) Q ; and (hi) a 
polytropic EOS p = K p 1+1 ^ n {3\. In this paper, we choose 
a physically meaningful form of the mass function m[r), 
expressible in terms of the metric function p(r) in the 
form 



2m(r) = C-e- 2 ^ -Ar 



(7) 



which can be obtained by integrating Eq. In Eq. (J7J, 
C is an integration constant and m(r) is the mass within 
a radial distance r defined as 



m(r) 



2ixprdr. 



We assume that m(r) has the form 



( , 1 A 2 e~ Ar 

m (r) = r 

w 2 2 2 



(8) 



(9) 



which is regular at the centre, i.e., m(r) = at r = 0, A 
being a constant. This implies 



2p(r) = Ar 



(10) 



where, without any loss of generality, we have set C = 1. 
Note that, for g rr > 0, we must have 

1 Ar 2 

m(r) < . (11) 

w 2 2 v ' 

From Eq. ([3]), the energy density is then obtained as 



1 

27 



Ae~ Ar 



A 



Combining Eqs. flU, © and (flO]> . we get, 
which on integration yields, 



r 



Are^ r 
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BA 



A„2 ' 

e 2 



(12) 



(13) 



(14) 



where B is an integration constant. Further integrating 
Eq. (Hi]) we get 



7 = ln[£»(BA 



e 2 )], 



(15) 



where D is another integration constant. The spacetime 
metric thus obtained is free from any central singularity 
problem. The isotropic pressure is then obtained as 



p = 



2tt 



BA 



A 2 
C 2 



A 

2t7 



(16) 



Before we analyze physical features of the model, let 
us write A = — K 2 to ensure that the cosmological con- 
stant always remains negative. The central density and 
pressure are then obtained as 



Pc = p(r = 0) 
p(r = 0) 



-(— 

2tt V BA + 1 



K' 



(17) 
(18) 



Thus, the central density and pressure remain positive 



if 



> K . For a physically meaningful solution, 



(BA+l) 

the radial and tangential pressures should be decreasing 
functions of r. In our model, we have 



dp 
dr 



1 

7T 



(19) 



dp 
dr 



A 2 r 



2tt 



(BA + e4'' 2 ) 



(sA + e4- 2 ) 



(20) 



Obviously, atr = 0, ^ = -^ = 0, and the density 
and pressure decrease radially outward as can be seen 
in Fig. (J!]) and ((2|), respectively. 

The radius of the star R can be obtained by letting 
p{r = R) = in Eq. ([T5]) , which gives 



R = 



\ 




(21) 



The total mass confined within the radius R is obtained 
as 



1 K 2 R 2 
Mrotai = - H 2 — 



-AR" 



(22) 



III. EXTERIOR SPACETIME AND MATCHING 
CONDITIONS 

We match the interior solution to the exterior BTZ 
metric [l| given by 



ds 2 : 



M - Ar 2 ) dt 2 



-M — Ar 2 ) 1 dr 2 +r 2 d9 2 , 
(23) 
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FIG. 1: Density variation at the stellar interior. 



FIG. 2: Pressure variation at the stellar interior. 



where, the parameter Mq is the conserved charge as- 
sociated with asymptotic invariance under time displace- 
ments. Continuity of gu, g T r and across the circular 
disc joining the two matrices at r = R, implies 



(24) 



(-M - AR 2 ) = D 2 [AB 



-M - AR 2 ) 



—AR 



2AR = 2D 2 AB 



e 2 



AR. 



(25) 



(26) 



Solving the above set of equations simultaneously, we 



get 



A 
D 

B 



R 2 



In (K 2 R 2 - M ) , 



-K 2 R 2 



In (K 2 R 2 - M ) ' 
(K 2 R 2 - M ) + ln{K *i R i_ Mo) 



K 2 ^/{K 2 R 2 -M ) 



(27) 
(28) 

(29) 



We demand that the following energy conditions 
should be satisfied by the distribution: (i) p, p > 0, 
(ii) p + p > and (iii) p + 2p > 0. Employing these 
energy conditions at the centre (r = 0), we note that 



the first condition will be satisfied if 



> K 2 , the 



(BA+l) 

second condition will be satisfied if A > 0, and the third 



condition demands that A 



2 A 



> K 2 



(BA+l) 

To understand behaviour of the physical parameters in 
our model, we assume A = 0.5, B = 0.05, A = —0.0625 
satisfying the above conditions. Solving Eqs. (|2"T|) and 
([29]). we then get R = 2.035, M = 0.1327. With these 
values, variations of the physical parameters like energy 
density, pressure and mass function have been shown in 
Fig. (JTJ, © and ©, respectively. 




FIG. 3: Variation of mass function at stellar interior. 

IV. SOME FEATURES 

A. Maximum mass-radius relation 

The upper bound on the mass in our model can be 
obtained from the observation that 



2m{r) = 1 + K V 
which implies 



-At' 



< 1 + K 2 r 



2„2 e ~ AR 



m N 

T / max 



M 1 + K 2 R 2 - 
~R ~ 2R 



-AR 



(30) 



(31) 



To see the maximum allowable mass-radius ratio in our 



model, we plot 



,(r) 



igainst r (see Fig. [4j which shows 



that the ratio m ^ is an increasing function of the radial 
parameter. We note that a constraint on the maximum 
allowed mass-radius ratio in our case falls within the limit 
to the (3+1) dimensional case of isotropic fluid sphere 



i.e., (S) = 0.278 < 

7 \ r / max 



B. Compactness 



The compactness of the star is given by 



m(r) 



1 

27 



1 + K 2 r 2 



(32) 
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The surface redshift (Z s ) corresponding to the above 
compactness (it) is obtained as 



where 



Z„ = 



Z s = (1 - 2«)-i - 1, 



1 - - ( 1 + K 2 r 2 - e~ Ar 



- 1. 



(33) 



(34) 



Thus, the maximum surface redshift of our (2+1) dimen- 
sional star of radius R — 2.035 turns out to be Z s = 0.51. 



are continuous across the surface, their derivatives may 
not be continuous at the surface. In other words, the 
affine connections may be discontinuous at the bound- 
ary surface. This can be taken care of if we consider the 
second fundamental forms of the boundary shell. Let, r\ 
denotes the Riemann normal coordinate at the junction 
which has positive signature in the manifold described 
by exterior BTZ spacetime and negative signature in the 
manifold described by the interior spacetime. Mathe- 
matically, we have = (r, </>, rf) and the normal vector 
components £ M = (0,0,1) with the metric 



C. Sound speed 

For a physically acceptable model, one expects that 
the velocity of sound v s — (dp/dp)? should be within the 
range < v 2 < 1. In our model 



1 



2 (BA + e^ 



-A r 2 

e i r + 



1 



BA 



A r 2 

e 2 



(35) 



We plot the radial sound speed in Fig. (|5|) and observe 
that this parameter satisfies the inequalities < v 2 < 1. 



D. Equilibrium configuration 



9m = 1, 9vi = and 9ij = diag ( - 1, r 2 ) 



The second fundamental forms associated with the two 
sides of the shell are then given by 



K 



1 ( ' ikdgkj s 






< d 9kj~ 




2 V d V , 




or] 


dr 


r=R 



(36) 



The discontinuity in the second fundamental forms is de- 
noted by 



(37) 



Now, from Lanczos equation in (2+1) dimensional space- 
time, one can obtain the surface stress energy tensor 
Sj = diag(—a, —v) where, a and v are line energy density 
and line tension, respectively [l2| 



In Section III, we have matched the interior solution to 
the exterior BTZ metric[l[ across the junction surface S 
where r = R. In our case, the junction surface is a one di- 
mensional ring of matter. Though the metric coefficients 



8tt 
1 



(38) 
(39) 
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Employing Eq. (|36l) . we get 



1 



8?ri? 
1 

'8tt 



y/K 2 R 2 - M + e 
K 2 R 



iAR 2 



AR 



y/WW - M BA + e^ AR2 



(40) 
(41) 



where, we have set r = R. We note that the line ten- 
sion is negative which implies that there must be a line 
pressure as opposed to the line tension. As we match the 
second fundamental forms, a crucial question arises in the 
form of the star's stability against collapse. Therefore, we 
must have a thin ring of matter component with above 
stresses so that the outer boundary exerts outward force 
to balance the inward pull of BTZ exterior. The energy 
density is negative in this junction ring which is similar 
to the (3 + 1) dimensional case 13 1. 



form of the mass function m(r). The solution obtained 
is regular at the centre and it satisfies all the physical 
requirements except at the boundary where we propose 
a thin ring of matter content with negative energy den- 
sity so as to prevent collapsing. The discontinuity of the 
affine connections at the boundary surface provide the 
above matter confined to the ring. Such a stress-energy 
tensor is not ruled out from the consideration Casimir 
effect for massless fields. The solution obtained here has 
a simple analytical form which can be used to study a 
full collapsing model of a (2 + 1) dimensional star which 
is beyond the scope of this analysis. This will be taken 
up else where. 



V. DISCUSSION 



We have obtained a new class of solution corresponding 
to the BTZ exterior spacetime by assuming a particular 
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